We show that certain paramodular cuspidal automorphic irreducible representations of GSp(4, A Q ), which are not CAP, are globally generic. This implies a multiplicity one theorem for paramodular cuspidal automorphic representations. Our proof relies on a reasonable hypothesis concerning the non-vanishing of central values of automorphic L-series.
Introduction
Atkin-Lehner theory defines a one-to-one correspondence between cuspidal automorphic irreducible representations of GL(2, A Q ) with archimedean factor in the discrete series and normalized holomorphic elliptic cuspidal newforms on the upper half plane, that are eigenforms for the Hecke algebra. As an analogue for the symplectic group GSp(4, A Q ), a local theory of newforms has been developed by Roberts and Schmidt [RS07] with respect to paramodular groups.
However, still lacking for this theory is the information whether paramodular cuspidal automorphic irreducible representations of GSp(4, A Q ) occur in the cuspidal spectrum with multiplicity one. Furthermore, holomorphic paramodular cusp forms, i.e. those invariant under some paramodular subgroup of Sp(4, Q), do not describe all holomorphic Siegel modular cusp forms. Indeed, at least if the weight of the modular forms is high enough, one is lead to conjecture that the paramodular holomorphic cusp forms exactly correspond to those holomorphic modular cusp forms for which their local non-archimedean representations, considered from an automorphic point of view, are generic representations. Under certain technical restrictions, we show that this is indeed the case.
To be more precise, suppose Π = v Π v is a paramodular cuspidal automorphic irreducible representation of GSp(4, A Q ) of odd paramodular level, which is not CAP and whose archimedean factor Π ∞ is in the discrete series. Then under the assumption of the hypothesis below we prove that the local representations Π v are generic at all non-archimedean places v. The restriction to odd paramodular level comes from Danisman [D14] and can probably be removed. Furthermore, we show that the hypothesis implies that Π occurs in the cuspidal spectrum with multiplicity one and is uniquely determined by almost all of its local factor representations. The hypothesis imposed concerns the non-vanishing of central L-values and is crucial for our approach. Hypothesis 1.1. Suppose Π is a globally generic unitary cuspidal automorphic irreducible representation of GSp(4, A Q ) and α and β > 0 are real numbers. Then there is a unitary idele class character µ : Q × \A × Q → C × , locally trivial at a prescribed non-archimedean place of Q, such that the twisted Novodvorsky L-function
does not vanish at s = 1/2 + i(α + kβ) for some integer k.
The analogous hypothesis for the group GL(4) would imply our hypothesis, see Prop. 4.4. The corresponding statement for GL(2) is well-known [Wa91, Thm. 4]. For GL(r), r = 1, 2, 3, compare [FH95] , [HK10] . An approximative result for GL(4) has been shown by Barthel and Ramakrishnan [BR94] , later improved by Luo [L05] : Given a unitary globally generic cuspidal automorphic irreducible representation Π of GL(4, A Q ), a finite set S of Q-places and a complex number s 0 with Re(s 0 ) = 1/2 there are infinitely many Dirichlet characters µ such that µ v is unramified for v ∈ S and the completed L-function Λ((µ • det) ⊗ Π, s) does not vanish at s = s 0 .
We remark, there is good evidence for our result (Thm. 4.5) on genericity of paramodular representations. In fact, the generalized strong Ramanujan conjecture for cuspidal automorphic irreducible representations Π = ⊗ ′ v Π v of GSp(4, A Q ) (not CAP) predicts that every local representation Π v should be tempered. But paramodular tempered local representations Π v at non-archimedean places are always generic by Lemma 3.2.
Preliminaries
The group G = GSp(4) (symplectic similitudes of genus two) is defined over Z by the equation
with w = ( 0 1 1 0 ). Since λ is uniquely determined by g, we write g for (g, λ) and obtain the similitude character
Fix a totally real number field F/Q with integers o and adele ring A F = A ∞ ×A fin . For the profinite completion of o we write o fin ⊆ A fin . The paramodular group K para (a) ⊆ GSp(4, A fin ) attached to a non-zero ideal a ⊆ o is the group of all
An irreducible smooth representation Π = Π ∞ ⊗ Π fin of GSp(4, A F ) is called paramodular if Π fin admits non-zero invariants under some paramodular group K para (a).
Two irreducible automorphic representations are said to be weakly equivalent if they are locally isomorphic at almost every place. A cuspidal automorphic irreducible representation of GSp(4) is CAP if it is weakly equivalent to a constituent of a globally parabolically induced representation from a cuspidal representation of the Levi quotient of a proper parabolic subgroup. In that case we say that Π is strongly associated to this parabolic. The standard Borel B, Siegel parahoric P and Klingen parabolic Q are B = * * * * * * * * * * Recall that for every smooth character χ :
For a generic irreducible admissible representation Π v of G and a smooth complex
Piatetskii-Shapiro and Soudry [PS97] , [PSS81] have extended this construction to a local degree four spinor L-factor L PSS (Π v , µ, s) for infinite-dimensional irreducible admissible representations of G.
We write IIIb Π v ∼ = χ ⋊ (σ • det) for unitary characters σ and χ with χ = 1. The regular poles with Re(s) = 1/2 come from the Tate factors L(s, ν −1/2 σ) and L(s, ν −1/2 σχ) in L PSS (s, Π v ), so they occur for unramified σ or σχ, respectively.
for unitary characters σ and ξ with ξ 2 = 1 = ξ. The regular poles with Re(s) = 1/2 come from the Tate factor L(s, ν −1/2 σ) and appear for unramified σ.
for unitary characters σ and ξ with ξ 2 = 1 = ξ. The regular poles with Re(s) = 1/2 come from the Tate factors L(s, ν −1/2 σ) and L(s, ν −1/2 ξσ), and occur for unramified σ or ξσ, respectively.
The Tate factor L(s, ν −1/2 σ) gives rise to regular poles with Re(s) = 1/2 when σ is unramified.
The Tate factor L(s, ν −1/2 σ) 2 gives rise to double regular poles with Re(s) = 1/2 when σ is unramified.
, where π is a preunitary cuspidal irreducible admissible representation of GL(2, F v ) with trivial central character and σ is a unitary character. The regular poles with Re(s) = 1/2 occur with the Tate factor L(s, ν −1/2 σ) when σ is unramified.
Proof. For the non-cuspidal case, see Danisman [D14, 
Global genericity
Let F = Q with adele ring A = R × A fin . In the following, suppose Π = Π ∞ ⊗ Π fin is a cuspidal automorphic irreducible representation of GSp(4, A), not CAP, with central character ω Π , such that Π ∞ belongs to the discrete series. We want to show that if Π is paramodular, then Π v is locally generic at every nonarchimedean place v.
Recall that the product L PSS (Π, s) = v L PSS (Π v , s) converges for s in a right half plane and admits a meromorphic continuation to C [PS97, Thm. 5.3]. This is the global degree four spinor L-series of Piatetskii-Shapiro and Soudry. It satisfies a functional equation
where Proof. For the existence and locality of the lift, see Asgari and Shahidi [AS06] ; uniqueness follows from strong multiplicity one for GL(4). It remains to be shown that Π →Π commutes with character twists. Indeed, by Prop. 4.1, almost every local factor is of the form Π v ∼ = χ 1 × χ 2 ⋊ σ with unitary unramified characters χ 1 , χ 2 , σ. Its local lift Π v is the parabolically induced GL(4, A)-representatioñ
[AS06, Prop. 2.5]. Therefore, the lift Π v →Π v commutes with local character twists at almost every place. Strong multiplicity one for GL(4) implies the statement.
Theorem 4.5. Suppose Π = v Π v is a paramodular unitary cuspidal irreducible automorphic representation of GSp(4, A Q ) that is not CAP nor weak endoscopic. We assume that Π ∞ is in the discrete series, that the local factor Π 2 is spherical and that Hypothesis 1.1 holds. Then Π v is locally generic at all nonarchimedean places v. Since Π ′ and Π gen are weakly equivalent, there is a finite set S of non-archimedean places such that Π gen,v is isomorphic to Π v for every place outside of S. This implies
At the place v = 2, the local factor Π 2 is spherical by assumption and therefore locally generic by Prop. 4.1. Now suppose there is at least one non-archimedean place w of odd residue characteristic where the unitary local irreducible admissible representation Π w is non-generic. By Prop. 3.6, the right hand side of (3) must have an arithmetic progression (s k ) k∈Z of poles s k = 1/2 + i(α + kβ) with β = 2π/ ln(p w ) and some real α. Since Π ′ is not CAP, L PSS (Π ′ , s) is holomorphic and this implies L PSS (Π gen , s k ) = 0 for every k by (3). Hence, the partial L-function L S (Π, s k ) vanishes at every s k for sufficiently large S.
If Hypothesis 1.1 is true, there is a unitary idele class character µ of Q × \A × with µ w = 1 and there is some k ∈ Z with L S (Π, µ, s k ) = 0 for the partial L-factor outside of S. Since (µ • sim) ⊗ Π is again cuspidal automorphic, the above argument gives L S (Π, µ, s k ) = 0 for every k. This is a contradiction.
Therefore Π is locally generic at every non-archimedean place v.
Conversely, a generic non-archimedean Π v is always paramodular [RS07] . In the situation of the theorem, Π ′ is locally generic everywhere, so a result of Jiang and Soudry [JS07, Corollary] implies
Weak endoscopic lift
A cuspidal automorphic irreducible representation Π of GSp(4, A), not CAP, is a weak endoscopic lift if there is a pair of cuspidal automorphic irreducible representations σ 1 , σ 2 of GL(2, A) with the same central character, and local spinor L-factor
at almost every place [We09, §5.2].
Proposition 4.6. Suppose a paramodular cuspidal irreducible automorphic represen- 
Multiplicity one and strong multiplicity one
We show the multiplicity one theorem and the strong multiplicity one theorem for paramodular cuspidal automorphic representations of GSp(4, A Q ) under certain restrictions. It is well-known that strong multiplicity one fails without the paramodularity assumption [HP83] , [FT13] .
Lemma 5.1. A cuspidal automorphic irreducible representation Π of GSp(4, A Q ), that is CAP and strongly associated to the Klingen parabolic subgroup, is never paramodular.
Proof. Every such representation is a theta lift Π = θ(σ) of an automorphic representation σ of GO T (A Q ) for an anisotropic binary quadratic space T over Q, see Soudry [S88a] . Let d T be the discriminant of T , then T is isomorphic to (K, t · N K ) for the norm N K of the quadratic field K = Q( √ −d T ) and a squarefree integer t. For a nonarchimedean place v of Q that ramifies in K, the norm form on
does not admit non-zero paramodular invariant vectors; this can be shown by an elementary calculation. But then the global Weil representation does not admit non-zero paramodular invariants either. Since paramodular groups are compact, the functor of taking invariants is exact and therefore the paramodular invariant subspace of Π = θ(σ) is zero.
Theorem 5.2 (Multiplicity one). Suppose Π = Π ∞ ⊗ Π fin is a paramodular cuspidal automorphic irreducible representation of GSp(4, A) with Π ∞ in the discrete series and such that Π v is spherical at the place v = 2. Assume that Hypothesis 1.1 holds. Then Π occurs in the cuspidal spectrum with multiplicity one.
Proof. If Π is neither CAP nor weak endocopic, let Π ′ = Π W ∞ ⊗ Π fin as above, then Π ′ is globally generic by (4) and hence satisfies multiplicity one, see Jiang and Soudry [JS07] . By Prop. 4.3 the multiplicity of Π in the cuspidal spectrum is then also one. If Π is weak endoscopic, it occurs in the cuspidal spectrum with multiplicity one [We09, Thm. 5.2].
Suppose Π is CAP. By Lemma 5.1 we can assume that Π is strongly associated to the Borel or to the Siegel parabolic. Then it is a Saito-Kurokawa lift in the sense of Piatetskii-Shapiro, and thus occurs with multiplicity one [PS83] , [G08, (5.10)].
Theorem 5.3 (Strong multiplicity one). Suppose two paramodular automorphic cuspidal irreducible representations Π 1 , Π 2 of GSp(4, A Q ) are locally isomorphic at almost every place. Assume that the archimedean local factors are either both in the generic discrete series or both in the holomorphic discrete series of GSp(4, R). Assume that the local factors at the place v = 2 are spherical and that Hypothesis 1.1 holds. Then Π 1 and Π 2 are globally isomorphic.
Proof. Suppose Π 1 and Π 2 are not CAP. After possibly replacing the archimedean factor by the generic constituent in its local L-packet, we can assume that both Π 1 and Π 2 are globally generic by (4) and Proposition 4.6. Strong multiplicity one for globally generic representations has been shown by Soudry [S88b, Thm. 1.5].
If Π 1 and Π 2 are both CAP, they are strongly associated to the Borel or Siegel parabolic by Lemma 5.1 and both occur via Saito-Kurokawa lifts in the sense of PiatetskiiShapiro [PS83] . For every local place v, the local factors Π 1,v and Π 2,v are non-generic and belong to the same Arthur packet. At the non-archimedean places, they are non-tempered by Lemma 3.2 and therefore isomorphic to the unique non-tempered constituent in the packet. By assumption, the archimedean factors are in the discrete series, so they are isomorphic to the unique discrete series constituent of the archimedean Arthur packet.
